Abstract. This paper introduces the notion of second minimal n-periodic orbit of the continuous map on the interval according as if n is a successor of the minimal period of the map in Sharkovski ordering. We pursue classification of second minimal 7-orbits in terms of cyclic permutations and digraphs. It is proved that there are 9 types of second minimal orbits with accuracy up to inverses. The result is applied to the problem on the distribution of periodic windows within the chaotic regime of the bifurcation diagram of the one-parameter family of unimodal maps. It is revealed that by fixing the maximum number of appearances of the periodic windows there is a universal pattern of distribution. In particular, the first appearance of all the orbits is always a minimal orbit, while the second appearance is a second minimal orbit. It is observed that the second appearance of 7-orbit is a second minimal 7-orbit with Type 1 digraph. The reason for the relevance of the Type 1 second minimal orbit is the fact that the topological structure of the unimodal map with single maximum is equivalent to the structure of the Type 1 piecewise monotonic endomorphism associated with the second minimal 7-orbit. Yet another important report of this paper is the revelation of the universal pattern dynamics with respect to increased number of appearances.
Introduction and Main Result
Let f : I → I be a continuous endomorphism, and I be a non-degenerate interval on the real line. Let is called the orbit of c, or briefly m-orbit or periodic m-cycle. In his celebrated paper [15] , Sharkovski discovered a law on the coexistence of periodic orbits of continuous endomorphisms on the real line.
Theorem 1.1 (Sharkovskii). [15] Let the positive integers be totally ordered in the following way:
(1) 1 2 2 2 2 3 · · · 2 2 · 5 2 2 · 3 · · · 2 · 5 2 · 3 · · · 9 7 5 3.
If a continuous endomorphism, f : I → I, has a cycle of period n and m n, then f also has a periodic orbit of period m.
This result played a fundamental role in the development of the theory of discrete dynamical systems. A conceptually novel proof was given in [5] . Following the standard approach, we characterize each periodic orbit with cyclic permutations and directed graphs of transitions or digraphs. Consider m-orbit: Theorem 1.9.
[1] The digraph of a minimal 2(2k + 1)-orbit (k > 1) has one of four types up to their inverses (Type I is shown in Figure 2 ).
The main idea of the constructive proof of [1] is based on the fact that each half of the minimal 2(2k + 1)-orbit is minimal 2k + 1 orbit of f 2 . Therefore, the digraph of the minimal 2(2k + 1)-orbit is designed as one of the possible four "unions" of two Stefan digraphs of f 2 . The result of Theorem 1.9 can be generalized as follows: Theorem 1.10. The digraph of any minimal 2 n (2k + 1)-orbit, k > 1, has one of 2 2 n+1 −2 types up to their inverses. Furthermore, each digraph is strongly simple and can be constructed from the digraphs of two minimal and strongly simple 2 n−1 (2k + 1)-orbits in f 2 .
The main goal of this paper is the characterization of second minimal odd orbits.
Definition 1.11. An n-orbit, n ≥ 7, of f is called second minimal if n is the successor of the minimal orbit of f in the Sharkovskii ordering. For example, if map has a second minimal 7-orbit, then it has a minimal 5-orbit, but no 3-orbit. Our main result reads: Theorem 1.12. The second minimal 7-orbit has one of 9 possible types up to their inverses. The associated cyclic permutations are listed in Table 1 ; digraphs and piecewise linear representatives are demonstrated in Appendix 1.
The method of the proof of Theorem 1.12 is extended to prove that the second minimal 9, 11, and 13 orbits have respectively 13, 17, and 21 possible types up to their inverse. We conjecture the following result: Conjecture 1.13. The digraph of any second minimal (2k + 1)-orbit, k ≥ 3, has one of 4k − 3 possible types up to their inverses.
We adress the proof of the Conjecture 1.13 in a forthcoming paper. The structure of the remainder of the paper is as follows: In Section 2, we recall some preliminary facts. Theorem 1.12 is proved in Section 3. In Section 4, we describe a new universal law of the distribution of periodic windows within the chaotic regime of the bifurcation diagram of the one-parameter family of unimodal maps. First we recall the celebrated Feigenbaum scenario of the transition from periodic to chaotic behaviour through successful period doublings and outline the rigorous universality theory in the class of C 1 -unimodal maps [8, 6, 7] . In subsection 4.1, we report the numerical reslts which reveal fascinating pattern of distribution of all the superstable periodic orbits when parameter changes in the range between the Feigenbaum transition point to chaos and the value when superstable 3-orbit appears for the first time.
In fact, this parameter range is divided into infinitely many Sharkovski s-blocks where all the 2 s (2k + 1)-orbits are distributed and the pattern is independent of s. Subsection 4.2 demonstartes that the convergence of the successive parameter values for superstable 2 s (2k + 1)-orbits within each s-block is exponential with the rate which is independent of the appearance index. Finally, in subsection 4.3, we report the numerical results which demonstrate that any superstable odd orbit in the indicated parameter range is going through successful period doublings according to the Feigenbaum scenario when the parameter decreases to a critical transition point. This indicates that Feigenbaum Universality is true in more general classes of maps, which are the (2k + 1)st iteration of the class of C 1 -unimodal maps. We end Section 4 with the brief outline of the anticipated rigorous universality theory in general classes of maps.
Preliminary Results
Lemma 2.1. The digraph of an m-orbit, B = {β 1 < β 2 < · · · < β m }, m > 2, possesses the following properties [4] :
(1) The digraph contains a loop: ∃r * such that J r * → J r * .
(2) ∀r, ∃r and r such that J r → J r → J r ; moreover, it is always possible to choose r r unless m is even and r = m/2, and it is always possible to choose r r unless m = 2. (3) If β , β β 1 , β m , β , β ∈ B, then ∃J r ⊂ β , β and ∃J r β , β such that J r → J r . (4) The digraph of a cycle with period m > 2 contains a subgraph J r * → · · · J r for any 1 ≤ r ≤ m − 1.
Definition 2.2.
A cycle in a digraph is said to be primitive if it does not consist entirely of a cycle of smaller length described several times.
Lemma 2.3 (Straffin)
. [17, 4] If f has a periodic point of period n > 1 and it's associated digraph contains a primitive cycle J 0 → J 1 → · · · → J m−1 → J 0 of length m, then f has a periodic point y of period m such that f k (y) ∈ J k , (0 ≤ k < m).
Proof of Theorem 1.12
Let f : I → I be a continuous endomorphism that has a 7-orbit which is second minimal. Let B = {β 1 < β 2 < · · · < β 7 } be the ordered elements of this orbit; Let r * = max {i | f (β i ) > β i }. Such an r * exists since f (β 1 ) > β 1 and f (β 2k+1 ) < β 2k+1 . So, we have a loop: J r * → J r * ; Let B − = β ∈ B | β ≤ β r * , B + = β ∈ B | β > β r * .
Then, |B − | + |B + | = 7, where |X| denotes the number of elements of the set X. Hence, |B − | |B + |. Assume that |B − | > |B + |. Then let r = max i < r * | f (β i ) ≤ β r * so f (β r ) ≤ β r * ; f (β r+1 ) > β r * ⇒ J r → J r * . According to Lemma 2.1 there is a subgraph (11) J r * → · · · → J r → J r * Assume that this is the shortest path. Then its length is at most 7, since there are 6 different intervals, and if any interval is repeated twice, one can get shorter path by removing all the intervals between the repetitions (including one of the repetitions). From another side the length is at least 5, since if it is 4 we will deduce by Lemma 2.3 the existence of 3-orbit. The same conclusion is true if the length is shorter than 4, since if necessary we can always add J r * to the right end of the subgraph (11) . Hence, the length can be 5, Case 1 length is 7 ⇒ all 6 intervals are represented in the cycle (11) . Choose r 1 = r * , r 6 = r and write Continuing in this manner we get either Figure 5 or Figure 6 . Both are Stefan orbits, and the first one is the right one satisfying |B − | = 4 > 3 = |B + |, while the second one is its inverse satisfying Case 2 length is 6; Choose r 1 = r * , r 5 = r and write
We have
Hence, we have two possible orders among five intervals J r i , i = 1 · · · 5. Either Since there are 6 different intervals, only one interval is missing. Let us denote this intervalJ, and try to find its place. We have J r 5 → J r 1 but J r 5 J r 3 . This implies that the missing intervalJ must be between J r 1 and J r 3 . Case 2.2 corresponds to |B − | > |B + | so we restrict our discussion to this case.
Finally, in order to show that the orbit above is indeed a valid second minimal odd orbit, it must be proven that there are no odd orbits of length less than 2k − 1. In the case of a second minimal 7 orbit, it must be proven that no 3 orbits are present. Assuming that there is an orbit of length 3, we immediately have two options. Either J 1 is included in the 3 orbit, or it isn't included. If J 1 isn't included, then J 6 can't be included either, because it only maps to J 1 . J 4 also can't be included because only J 1 and J 4 map to J 4 . If J 1 isn't in the orbit, and J 4 is, then J 4 will only map to itself in the form: J 4 → J 4 → J 4 , as no other orbit will map back to it. The only remaining orbits are {J 2 , J 3 , J 5 }. Note that these intervals can only form orbits of even length, by splicing together various combinations of the two orbits: J 3 → J 5 → J 3 , and J 2 → J 5 → J 2 . Thus, it is impossible for a 3 orbit to be present in the above digraph, which does not contain J 1 .
Suppose now, that the assumed 3 orbit does contain J 1 . J 1 can map to either: J 6 , J 5 , or J 4 . If J 1 maps to J 6 , the shortest path back to J 1 is: J 1 → J 6 → J 1 , which has a length of 2. If J 1 maps to J 5 , the shortest path back to J 1 is J 1 → J 5 → J 2 → J 6 → J 1 , which has a length of 4. If J 1 maps to J 4 , the shortest path back to J 1 is:
which has a length of 5. Thus, it is impossible to form a 3 orbit, regardless if J 1 is or isn't contained. If a 3 orbit is proven impossible, and a 5 orbit and a 7 orbit where observed during construction of the orbit, then the above cyclic permutation represents a valid second minimal 7 orbit.
It is in this way that the validity of the second minimal orbits are proven. Note that, for all cyclic permutations depicted in Table 1 , this same method can be used to effectively prove the fact that no 3 orbits exist. This can also be done by simple observation, as digraphs for a 7 orbit can only have a finite number of interactions. Case 3 length is 5; (four different intervals are included and two are missing.) Let r 1 = r * , r 4 = r, so we have
then we have To construct the cyclic permutation determine where each interval J r i , i = 1 · · · 4, is mapped to then combine all the mappings. We begin with Case 3.1. We furnish an example of how to construct the cyclic permutation for the setting (2, 4) which corresponds to the setting for Figures 12 and 13 . First, determine where each interval is mapped according to the rules
Then, construct the associated cyclic permutation
which is a contradiction. If f (1) = 4 we get the second minimal 7 orbit with index 1 in Table 1 .
f (6) = 2 the former implies a period 2-suborbit {2, 6} which is a contradiction. The latter case implies the second minimal 7 orbit with index 3 in Table 1 .
The digraph of the associated cyclic permutation contains the subgraph J 2 → J 4 → J 5 → J 2 and by Straffin's lemma this implies the existence of a 3-orbit, a contradiction. (g) Case (2, 4) 1,2,2 ] f (4) = 5 ⇒ either f (1) = 4 or f (1) = 6. The latter implies a period 4-suborbit {1, 3, 6, 7}, a contradiction. The former implies the second minimal 7 orbit with index 5 in Table 1 .
Considering the alternative we have 
Observe, letting f (7) = 3 would force a period 2-suborbit {1, 2} and period 5-suborbit {3, 4, 5, 6, 7} so f (7) = 1 or f (7) = 2 which implies J 2 → [1, 5] or J 2 → [3, 5] both of which lead to the subgraph J 4 → J 6 → J 2 → J 4 . By Straffin's lemma this implies the existence of a 3-orbit, a contradiction. Setting (1,2) From 17a and 17b if follows f (5) = 6, f (4) = 7, from 17a it follows J r 4 = [2, 3] →< 5, 6 ∧ 7 > and hence either f (2) = 6 or f (3) = 7 which is a contradiction since three nodes are mapped to 6 and 7. Setting (1,3) From 17a and 17b ⇒ f (5) = 6 , f (6) = 3, and J r 2 = [3, 4] →< 6, 7 > which is a contradiction since three nodes {3, 4, 5} are mapped to {6, 7}. [4, 7] , and J r 3 = [6, 7] →< 3 ∧ 4, 1 ∧ 2 >; Since f (5) = 3 ⇒ either f (6) = 4 or f (7) = 4; but we also have f (2) = 4, a contradiction. Setting (1, 5) We have the cyclic permutation 
, and f (6) = 1. The digraph of this cyclic permutation contains the subgraph J 6 → J 1 → J 3 → J 6 and by Straffin's lemma this implies the existence of a 3-orbit, a contradiction.
(iii) Case (1, 5) 2,1 : f (7) = 1, f (3) = 6 ⇒ f (6) = 2, f (1) = 7 and this implies the 2-suborbit {1, 7} and the 5-suborbit {2, 3, 4, 5, 6}. (iv) Case (1, 5) 2,2 : f (7) = 1, f (3) = 7 ⇒ f (6) = 2, f (1) = 6 and we get the valid second minimal 7-cycle indexed as 3 in Table 1 . (v) Case (1, 5) 3 : f (7) = 2 ⇒ f (6) = 1; since f (1) = 6 ⇒ 2-suborbit {1, 6} so we must have f (1) = 7 and f (3) = 6 and this implies the valid cyclic permutation indexed as 4 in Table  1 . Setting (2,2) From 17b J r 2 = [4, 5] → [7, 6] and from 17d J r 4 = [1, 2] →< 5, 6∧7 > which is a contradiction since we have 2 nodes being mapped to 6 and 7. Setting 
indexed as 4 in Table 1 .
7-orbit indexed as 6 in Table 1 .
and a period 5-suborbit {2, 3, 4, 5, 7}, a contradiction. (vi) Case (2, 5) 2 : If f (5) = 2 ⇒ f (7) = 3 ⇒ f (3) 7 or we get period 2-suborbit {3, 7}, so f (3) = 6 and either f (1) = 4 or 7. (vii) Case (2, 5) 2,1 : f (5) = 2, f (7) = 3, f (3) = 6, f (1) = 4 ⇒ a valid second minimal cycle indexed as 7 in Table 1 .
or f (3) = 6, a contradiction. Setting (3, 4) We have the cyclic permutation (26)
or we get period 2-suborbit {3, 6}, thus f (3) = 7 giving valid second minimal 7 cycle indexed by 5 in Table 1 .
7, or we get period 2-suborbit {3, 7}, thus f (3) = 6 giving valid second minimal 7 cycle indexed by 7 in Table 1. (v) Case (3, 4) 1,2 : f (4) = 5, f (1) = 3 and either f (6) = 1 or f (6) = 4 (vi) Case (3, 4) 1,2,1 : f (4) = 5, f (1) = 3, and f (6) = 1 then f (3) 6 or we have period 3-suborbit {1, 3, 6} so f (3) = 7. Then the digraph of the cyclic permutations has the subgraph J 1 → J 3 → J 5 → J 1 and by Straffin's lemma this implies the existence of a period 3-suborbit, a contradiction. (vii) Case (3, 4) 1,2,2 : f (4) = 5, f (1) = 3, and f (6) = 4 then f (2) 6 or we have a period 3-suborbit {1, 3, 7} so f (2) = 7 ⇒ valid second minimal 7 cycle indexed by 8 in Table 1 . (viii) Case (3, 4) 2 : f (4) = 6 and f (2) = 5 ⇒ period 2-suborbit {2, 5} so f (2) = 7 and f (6) = 1 or
indexed by 9 in Table 1 .
. So f (4) = 2 and f (1) = 3 but either f (6) or f (7) is 2 or 3, a contradiction. Setting (4,5) From 17a, 17c, 17d we have The digraph of this cycle admits several subgraphs of length 3; one of which is J 1 → J 6 → J 5 → J 1 and by Straffin's lemma this implies a 3-suborbit, a contradiction. Proceeding in the same fashion for Case 3.2 generates the inverses of the valid cycles already found. Counting all distinct valid second minimal 7 orbits we see there are exactly 9, unique up to an inverse. The topological structure and digraph associated with each of these cyclic permutations are listed in Appendix A.
Universality in Chaos
In this section we present some fascinating results pertaining to universal behavior in the route to chaos for a family of unimodal maps. Specifically, we study continuous endomorphisms, dependent on a parameter, from an interval to itself:
= 0 with a single maximum at some point, x max , interior to the interval [0, 1] under the iterative relation x n+1 = f λ (x n ). We are interested in the asymptotic behavior of x n for n → ∞ and how this behavior depends on the parameter λ. A prototypical example is the logistic map
In 1978, Fiegenbaum [9, 10, 11] discovered a universal transition mechanism to Chaos through successful period doubling bifurcations. As λ increases, the behaviour of x n for large n changes from periodic to chaotic via bifurcations from the 2 n periodic cycle to the 2 n+1 periodic cycle. Two universal constants δ = 4.6692016... and α = −2.502907875... qualitatively characterize the universal transition route. Let λ 1 n be the value of the parameter when 2 n -orbit is superstable, i.e. critical point x max is one of the elements of the orbit, and let d 1 n be directed distance from x max to the closest element of the orbit:
Then λ 1 n ↑ λ ∞ , and for a class of unimodal maps with a quadratic maximum of 1 has (29) lim
Having discovered the universality of δ and α numerically, Feigenbaum proposed the mechanism of it based on the renormalization group approach to critical phenomena in statistical mechanics. He revealed that both of these constants are related to a universal function that governs the period doubling route to chaos and expresses this function as the fixed point of some functional operator. The rigorous proof of Feigenbaum's suggested theory was completed for a class of unimodal maps with quadratic maximum in [8, 6, 12] . The following is the brief summary of the rigorous universality theory ( [7] ). 
Assume that
This condition guarantees that the second iteration ψ 2 maps [−a, a] to itself. Therefore, the doubling transformation
maps [−1, 1] to itself. The following properties of F are key features of the universality theory:
• F has a fixed point g with a = −α −1 . Namely, g solves the functional equation
• The Frechet derivative of F at the fixed point g has a simple eigenvalue equal to δ; the remainder of the spectrum is contained in the open unit disk. Therefore, F has a one-dimensional unstable manifold W u and a co-dimension one stable manifold W s at g. • W u intersects transversally the co-dimension one surface Σ 1 of maps with superstable 2-orbits:
• Consider a set Σ k of maps with superstable 2 k -orbits (inverse images of Σ 1 ), i.e.
Then the distance between Σ k and W s decreases like δ −k for large k.
• Consider an arbitrary one-parameter family µ → ψ µ of maps and treat it as a curve in . Assume that this curve crosses the stable manifold W s at µ ∞ with a non-zero transverse velocity. This implies that for all large k, there will be a unique µ k near µ ∞ , such that ψ µ k ∈ Σ k is a map with superstable 2 k -orbit. Then
where g k is an intersection of Σ k with W u ; g is a fixed point of F which solves (32). All the functions g k and g are universal functions.
The rigorous theory was only developed for a special class of C 1 -unimodal maps of the form
where the function f is analytic in a complex neighborhood of [0, 1], > 0. The typical example would be
The perturbative analysis of [8] requires to be sufficiently small. The case = 1 was completed in [6] . In [13] periodic orbits are characterised through patterns, which is the sequence of R's and L's, the kth letter expressing the fact that the kth element of the cycle is on the right or left side of the critical point of the map. In particular, paper [13] presents a table of relative position of periodic orbits of period p ≤ 11 for the logistic map. Much of the work in this direction was inspired by the paper [14] , where the calculus for describing the qualitative behaviour of successive iterates of piecewise monotone maps of the interval was invented. We refer to [7] which presents an extensive description of this approach.
In this paper, in addition to the logistic map we will present numerical results for the sine map,
the cubic map,
and the quartic map
Note that x max = 0.5 in (28), (33), (35) and x max = 1/ √ 3 in (34). Moreover, only logistic and sine maps are symmetric around x max . All three maps demonstrate Feigenbaum transition route to chaos through successful period doubling from 2 n to 2 n+1 -orbits. Feigenbaum constants δ and α are the same for logistic, sine and cubic maps. For the quartic map we have δ = 7.31..., and α = −1.69....
It is well-known that for λ > λ ∞ , one can observe all possible periodic orbits within the chaotic regime. Figure 15 demonstrates the bifurcation diagram -asymptotic behaviour of the sequence x n as n → +∞ (periodic orbits or chaotic attractors) as a function of the parameter of the map. One can clearly see periodic windows in the chaotic regime, the period 3 window being the largest. Let λ = λ 3 0 be the value of the parameter when superstable 3-orbit appears first time when λ > λ ∞ increases. In fact, periodic orbits of all possible periods appear when λ ∈ [λ ∞ , λ 3 0 ]. Our goal in this section is to continue the results reported in a recent paper [1] and to reveal and analyze a fascinating pattern of distribution of all the periodic windows in this range of the parameter. Assume that we are looking only first appearance of all the orbits in the indicated parameter range. Numerical results of [1] demonstrate that the first appearances of all the orbits are distributed according to Sharkovskii ordering (1) when parameter λ decreases from λ 3 0 to λ ∞ . This is reflected in the first row of the Table 3 . Moreover, the first appearance of all the orbits is always a minimal orbit. For example, the first appearance of all the odd orbits is always a Stefan orbit and its digraph is as in Figure 1 of Theorem 1.8. First appearance of all the 2(2k + 1)-orbits always has Type I digraph as in Figure 2 of Theorem 1.9. The reason of relevance of exactly Type I minimal 2(2k + 1)-orbit is hidden in the fact the topological structure of the unimodal map with single maximum is equivalent to the topological structure of the piecewise monotonic map associated with the Type I digraph of Figure 2 . In fact, if we iterate the unimodal map with single minimum then inverse Type I digraph will be relevant.
Assume now that we are looking to first and second appearances of all the 2 s q-orbits with odd q ≥ 7, and the first appearance of 2 s q-orbits with q = 3, 5, while the parameter increases from λ ∞ to λ 3 0 . Numerical results of [1] and this paper demonstrate the distribution of periodic windows as in (36)-(39). Note that we use a notation n ← m meaning that parameter decreases from the value giving superstable m-orbit down to the value giving superstable n-orbit.
. . .
and we have the pattern λ
n,1 for k = 3, 4, . . . ; n = 0, 1, . . . and in particular notice that while decreasing the parameter λ, (2 s q)-orbits are changed with respect to q according to pattern +4 − 2; while the index of appearance is changed according to the simple pattern 1, 2, 1, 2, . . . . This pattern is expressed in the second row of the Table 3 . Interestingly, the second appearance of all the odd orbits is second minimal odd orbit. In fact, this numerically observed fact was a motivation to introduce the notion of second minimal orbit as in Definition 1.11. In fact, in all four maps the second appearance of the 7-orbit is exactly Type I second minimal orbit with cyclic permutation and digraph demonstrated in Table 1 of Theorem 1.12 and Fig. 29 in Appendix. The reason of the relevance of exactly Type 1 second minimal 7-orbit is hidden in the fact that the topological structure of the single maximum unimodal map is equivalent to the topological structure of the piecewise monotonic map associated with Type 1 second minimal 7-orbit of Fig. 29 . In fact, according to Theorem 1.12 among all possible 9 types of second minimal 7-orbits (Figures 29-37 ), Type 1 7-orbit is the only one with a unimodal structure with a single maximum point. In fact, if we iterate the unimodal endomorphism with a single minimum point, then the inverse Type I digraph would be relevant.
Assume now that we are identifying up to third appearances of all the 2 s q-orbits when the parameter increases from λ ∞ to λ 
Note that we have the pattern λ
n,1 for k = 3, 4, . . . ; n = 0, 1, . . . and in particular notice that while decreasing the parameter λ, (2 s q)-orbits are changed with respect to q according to pattern +4+2-4; while index of appearance is changed according to pattern 1,2,3,... This pattern is expressed in the third row of the Table 3 .
Continuing this process reveals the structure presented in Table 3 . As an example assume that we are identifying up to 9th appearances of all the 2 s q-orbits when the parameter increases from λ ∞ to λ 3 0 . Numerical results for all four maps demonstrate the distribution of periodic windows according to the pattern expressed in the ninth row of the Table 3 . It is satisfactory to explain the pattern only for q-orbits, q is odd number, since the pattern is preserved for 2 n q-orbits. As it is demonstrated in (44), when the parameter λ decreases from λ To construct the table in general, first consider only appearances that are powers of 2. Now, say we wanted to construct the 2 n row of the table, then the two outermost entries, that is, the first and 2 n -th entries are set to +2(n + 1) and −2n respectively. Then, the two entries exactly in the middle of the 1st and 2 n th, namely the 2 n−1 st and 2 n−1 + 1st entries are set to −2(n − 1) and +2(n − 1) respectively. Now, find the median entries between the two halves, 1 to 2 n−1 and 2 n−1 + 1 to 2 n and set them to −2(n − 2) and +2(n − 2), and continue in this fashion setting each new set of median entries to −2(n − i) and +2(n − i) for i = 3, · · · , n − 1 as illustrated in Figure 15 .
To generate the N-th row that is not a power of 2 say 2 n < N < 2
n+1
(1) Find the pattern for 2 n row (2) Let J = N − 2 n (3) Replace the last J values, p 1 , p 2 , · · · , p j , · · · , p J , of the 2 n pattern according to the following rule:
The procedure to generate the indices is recursive. Given a pattern corresponding to row i of the table to generate the row i + 1, first counting from 1, left to right, identify the position of i, say it's in position m and insert the new one between positions m − 2 and m − 1, unless position m − 1 is 1, in which case insert the new (highest) index at the end of the list or in the (i + 1) th position. For example, to go from row 7 to row 8, we start with row 7 and observe that the highest index, 7, is in position 3 so we insert the new index, 8, in between the index 1 in position 1 and the index 4 in position 2. However, in going from row 8 to row 9 observe that 8 is in position 2 so position m − 1 is 1. So, we insert 9 at the end of the list in position 9.
Constant Shift in
Note that the limit values λ ∞ s in (45) are independent of j. Moreover, the results presented in a Table 2 demonstrate exponential convergence in (45):
where C is some positive constant, and δ s is a convergence rate. With the notation m δ in Table 2 , we expressed the fact that m is the highest period of orbit used for the approximation of the convergence rate δ. For example, δ 0 = 2.817... is calculated for up to a 31-orbit and it is approximately the same up to the 5th appearance of all the odd orbits. This results demonstrates that for any fixed two appearance indices, the ratio of dis- Figure 15 . Generation of the 2 n -th row of Table 3   Table 3 (44)). All these orbits are going to go through infinitely many bifurcations when λ decreases towarsd λ ∞ , and for any positive integer s, the sth bifurcation appears in the parameter window (λ
It is fascinating that all these transition routes to chaos follow Feigenbaum universality. In particular, it is revealed that the Feigenbaum universality is relevant in very general classes of maps beyond the unimodal smooth endomorphisms.
Let integers k ≥ 1 and j ∈ [1, |Λ (Table 7) ; C > 0. Hence, we see that the convergence rate of the sequence of parameter values for superstable (2 s (2k + 1)) j -orbits to critical value λ ∞ as s → +∞ from above is the same as the convergence rate of the sequence of parameter values for the superstable 2 s -orbits to the same value λ ∞ from below. To clarify if Feigenbaum universality mechanism is indeed relevant we check asymptotical properties of the scaling factor for successful period doublings from (2 s (2k + 1)) j -to (2 s+1 (2k + 1)) j -orbits. Let d 2k+1 s, j be a directed distance from the maximum point of the map to the closest element of the superstable (2 s+1 (2k + 1)) j -orbit, i.e. Tables 4-7 (Table 7) . Hence, we see that the scaling factor of the successive bifurcations of the superstable (2 s (2k + 1)) j -orbits when λ converges to critival value λ ∞ as s → +∞ from above is the same as the scaling factor of the successive bifurcations of the superstable 2 s -orbits when λ converges to critical value λ ∞ from below. This indicates that the doubling transformation (31) with scaling factor a = α is a driving force for the transition to chaos through successful bifurcations of superstable (2 s (2k + 1)) j -orbits for s = 0, 1, 2, .... Therefore, Feigenbaum's universality theory should be valid beyond the class of C 1 -unimodal maps -the classes of maps whose structure is defined with qth iteration of unimodal maps, where q = 2k + 1 is any fixed odd number. Following Feigenbaum [9, 10] define the functions Figure 16 . Period doubling mechanism for 3 1 showing the scaling
Numerical results in
Numerical results demonstarte that for any fixed non-negative integer k, family of functions in (53), (54) are universal functions. The case k = 0 in (53), (54) is a particular case of classical Feigenbaum universality theory explaining the transition from 2 s -orbits, s = 0, 1, 2, ... to chaos through successful period doublings (see (29) and following description of the rigorous universality theory). In this case g (1) = g is a fixed point of the doubling operator F as in (32); each g (1) m = g m is the intersection of Σ m with the one-dimensional unstable manifold passing through g. Figure 17 demonstrates the convergence to the universal function g 1 in Figure 23 In fact, the universal functions g 2k+1 , k = 1, 2, ... in (54) are fixed points of the doubling operator F , and solve the functional equation in (32). That is the reason that the convergence rate of parameter sequences in (48)-(50) is the same universal constant δ. Moreover, It is easy to prove that if function g solves functional equation (32), then any iteration of g is also a solution of the same equation. The normalization condition g(0) = 1 can be arranged by replacing g with g µ = µg(x/µ), and by choosing the constant µ appropriately. Indeed, for arbitrary µ 0, g µ is a solution of the functional equation (53) if g is so. Hence, universal functions g 2k+1 must be exactly 2k + 1st iterations of the universal function g (which is the justification of our notation), which is the fixed point of the doubling operator in the class of C 1 -unimodal maps. For any fixed k = 1, 2, ..., g 2k+1 represents a fixed point of the doubling operator (and hence solving the functional equation in (32)) in the more complicated class of maps which is the (2k + 1)st iteration of the class of C 1 -unimodal maps. Hence, the numerical analysis suggests that the known rigorous universality theory ( [7] ) must be true in a much larger class of maps than C 1 -unimodal maps, and this generalization is a driving force of infinitely many Feigenbaum scenarios of transition to chaos through successive bifurcations of all possible odd orbits as it is outlined in (48)-(54). We end our presentation with the description of the anticipated rigorous universality theory in the particular case of k = 1, or in the class of maps which is the 3rd iteration of the
Assume that ψ ∈ satisfies (30). Since ψ is continuous, there exists e ∈ (a, 1) such that ψ(e) = 0, and ψ 2 is increasing and maps Figure 16 demonstrates the structure of φ = ψ 3 and φ 2 = ψ 6 under the condition (30). The following properties of F are key features of the universality theory in the class 3 :
• F has a fixed point g 3 with a = −α −1 . Namely, g 3 solves the functional equation in (32) in the class 3 . In fact, g 3 is precisely 3rd iteration of the fixed point of the doubling operator F in the class of C 1 -unimodal maps, defined in (32).
• The Frechet derivative of F at the fixed point g 3 has a simple eigenvalue equal to δ; the remainder of the spectrum is contained in the open unit disk. Therefore, F has a one-dimensional unstable manifold W u and a codimension one stable manifold W s at g 3 .
• W u intersects transversally the codimension-one surface Σ 3 1 of maps with superstable 2-orbits:
• Consider a set Σ • Consider arbitrary one-parameter family µ → φ µ of maps and treat it as a curve in 3 . Assume that this curve crosses stable manifold W s at µ ∞ with non-zero transverse velocity. This implies that for all large m, there will be a unique µ m near µ ∞ such that φ µ m ∈ Σ (a) Universal function g 1 for Period 3 1 · 2 n , (c) Universal function g 1 for Period 2 n , 
Conclusions
The following are the main conclusions of this paper:
• We indroduced the notion of a second minimal orbit with respect to the Sharkovski ordering, for continuous endomorphisms on the real line. It is proved that there are 9-types of second minimal orbits up to their inverses. It is conjectured that there are 4k − 3-types of second minimal (2k + 1)-orbits, with accuracy up to their inverses. The proof of this conjecture is addressed in a forthcoming paper.
• We demonstrate the numerical results which reveal a fascinating universal pattern of the distribution of periodic orbits within the chaotic regime of the bifurcation diagram of the one-parameter family of unimodal maps, when the parameter changes in the range between the Feigenbaum transition point to chaos and the value when the superstable 3-orbit appears for the first time. Numerical results demonstarte that this parameter range is divided into infinitely many Sharkovski s-blocks where all the 2 s (2k + 1)-orbits are distributed and the pattern is independent of s.
• The first appearance of any orbit in the indicated parameter range is always a minimal orbit [1] .
Numerical results of this paper demonstrate that the second appearances of all odd orbits are always second minimal orbits with a Type 1 digraph. The reason for the relevance of exactly Type 1 second minimal (2k+1)-orbits are hidden in the fact that the topological structure of the single maximum unimodal map is equivalent to the topological structure of the piecewise monotonic map associated with Type 1 second minimal (2k+1)-orbits.
• Numerical results demonstrate that the convergence of the successive parameter values for superstable 2 s (2k + 1)-orbits within each s-block is exponential with a rate independent of the appearance index. In particular, for any fixed two appearance indices, the ratio of distances of parameter values for respective appearances of superstable 2 s (2k + 1)-orbits is asymptotically constant for large k. Otherwise speaking, there is an asymptotically constant shift in appearances.
• Numerical results demonstrate that any superstable odd orbits in the indicated parameter range are going through successful period doublings, according to the Feigenbaum scenario when the parameter decreases to the critical transition point. In particular, this reveals that the Feigenbaum universality is true in very general classes of maps, such as the class of maps which are the (2k + 1)st iteration of the class of C 1 -unimodal maps. This generalization is a driving force of infinitely many Feigenbaum scenarios of transition to chaos through successive bifurcations of all possible odd orbits in the indicated range when the parameter decreases towards the first transition value to chaos.
• This paper outlines the elements of the rigorous Feigenbaum universality theory in the general class of maps, which are the (2k + 1)st iteration of the class of C 1 -unimodal maps. Table 4 . Logistic Map, Calculation of δ, α and λ ∞ for Period Doubling Starting at (2k + 1) j -orbit. Table 5 . Sine Map, Calculation of δ, α and λ ∞ for Period Doubling Starting at (2k + 1) j -orbit. 
